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Abstract 
Unsteady solutions with convective heat transfer through a curved duct flow has been studied numerically by using a 
spectral method, and covering a wide range of the temperature difference between the vertical sidewalls for the Grashof 
number, 2000100 Gr , where the outer wall is heated and the inner wall cooled. In this paper, unsteady solutions are 
obtained by the time evolution calculations for two cases of the Dean numbers, Case I: Dn = 100 and Case II: Dn = 500 for 
the aspect ratio 31 l . It is found that, at Dn = 100 there appears a steady-state solution for small or large Gr. For 
moderate Gr, however, the steady-state solution turns into periodic solution, if the aspect ratio is increased. For Dn = 500, 
on the other hand, it is found that the steady-state solution turns into chaotic solution for small and large Gr for any aspect 
ratio lying in the range. For moderate Gr, however, the steady-state solution turns into chaotic solution through periodic 
solutions in the scenario “steady periodic chaotic”, if the aspect ratio is increased. Effects of secondary flow on 
convective heat transfer are also investigated. 
© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 
of Mechanical Engineers 
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Nomenclature 
   Dn    : Dean number                                        T      : Temperature                            
    g       : Gravitational acceleration                    u      : Velocity components in the x direction                                          
    Gr     : Grashof number                                   v      : Velocity components in the y direction 
    h       : Half height of the cross section           w      : Velocity components in the z direction 
     d       : Half width of the cross section             x      : Horizontal axis 
    L       : Radius of the curvature                       y      : Vertical axis                                   
   Pr      : Prandtl number                                     z      : Axis in the direction of the main flow 
      t      : Time                                                         : Resistance coefficient 
  Greek letters 
   : Curvature of the duct                             : Viscosity                                          : Kinematic viscosity 
   : Density                                                    : Thermal diffusivity                        : Sectional stream function 
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1. Introduction 
 
The study of flow and heat transfer in curved ducts and channels has been and continues to be an area of paramount 
interest of many researchers because of the diversity of their practical applications in fluids engineering, such as in fluid 
transportation, refrigeration, air conditioning systems, heat exchangers and blade-to-blade passages in modern gas turbines. 
One of the interesting phenomena of the flow through a curved duct is the bifurcation of the flow because generally there 
exist many steady solutions due to channel curvature. Studies of the flow through a curved duct have been made, 
experimentally or numerically, for various shapes of the cross section by many authors. However, an extensive treatment of 
the bifurcation structure of the flow through a curved duct of rectangular cross section was presented by Winters [1] and 
Mondal [2].  
The time-dependent behavior of the flow in a curved rectangular duct of large aspect ratio was investigated, in detail, by 
Yanase et al. [3] numerically. They performed numerical investigation of isothermal flows through a curved rectangular 
duct and addressed the time-dependent behavior of the unsteady solutions. Chandratilleke and Nursubyakto [4] presented 
numerical calculations to describe the secondary flow characteristics in the flow through curved ducts of aspect ratios 
ranging from 1 to 8 that were heated on the outer wall, where they studied for small Dean numbers and compared the 
numerical results with their experimental data. Wang and Yang [5] performed numerical as well as experimental 
investigations of periodic oscillations for the fully developed flow in a curved square duct. However, unsteady flow 
characteristics through a curved duct with rectangular cross section of aspect ratio 2 were investigated in detail by Yanase et 
al. [6]. Mondal et al [7] investigated time-dependent behaviour of flows with convective heat transfer in a curved square 
duct. Recently, Mondal et al. ([8], [9]) performed numerical prediction of the unsteady solutions by time-evolution 
calculations for the flow through a curved square duct and discussed the transitional behavior of the unsteady solutions. To 
the best of the authors' knowledge, however, there has not yet been done any substantial work studying the effects of aspect 
ratios on the unsteady flow characteristics for the non-isothermal flows through a curved rectangular duct. But from the 
scientific as well as engineering point of view it is quite interesting to study the unsteady flow behavior in the presence of 
buoyancy forces by varying aspect ratios, because this type of flow is often encountered in engineering applications. The 
present paper is, therefore, an attempt to fill up this gap with the study of the flow characteristics through a curved 
rectangular duct for various aspect ratios.   
 
2. Mathematical formulations 
 
Consider an incompressible viscous fluid streaming through a curved duct with rectangular cross section whose width 
and height are 2d and 2h, respectively. The coordinate system with the relevant notations are shown in Fig. 1. It is assumed 
that the outer wall of the duct is heated while the inner one is cooled. The temperature of the outer wall is TT0 and that 
of the inner wall is TT0 , where 0T . The x , y , and z  axes are taken to be in the horizontal, vertical, and axial 
directions, respectively. It is assumed that the flow is uniform in the axial direction, and that it is driven by a constant 
pressure gradient G along the center-line of the duct, i.e. the main flow in the axial direction as shown in Fig. 1.The 
variables are non-dimensionalized by using the representative length d and the representative velocity dvU 0 .We 
introduce the non-dimensional variables defined as 
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where u , v , and w  are the non-dimensional velocity components in the x , y , and z directions, respectively; t  is the 
non-dimensional time, P  the non-dimensional pressure,  the non-dimensional curvature, and temperature is non-
dimensionalized by T . Henceforth, all the variables are nondimensionalized if not specified. 
 
The sectional stream function  is introduced in the x- and y- directions as  
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A new coordinate variable y  is introduced in the y  direction as yly , where l h d is the aspect ratio of the duct 
cross section. From now on y  denotes y  for the sake of simplicity. Then the basic equations for ,w and T  are derived 
from the Navier-Stokes equations and the energy equation under the Boussinesq approximation as, 
'
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Fig. 1. Coordinate system of the curved rectangular duct 
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The Dean number nD , the Grashof number rG , and the Prandtl number rP , which appear in Eqs. (2) to (4) are defined as 
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                                                                                 (6) 
where k,,  and g are the viscosity, the coefficient of thermal expansion, the coefficient of thermal diffusivity and the 
gravitational acceleration respectively. 
The rigid boundary conditions for w  and  are used as 
              0)1,(),1()1,(),1()1,(),1( x
y
y
x
xyxwyw                                                                                 (7) 
and the temperature T  is assumed to be constant on the walls as 
                       xxTyTyT )1,(,1),1(,1),1( .                                                                                                            (8) 
The upper and lower walls are adiabatic. In the present study, Dn and Gr are varied while and Pr are fixed as  = 0.1 and 
Pr = 7.0 (water). 
 
3.  Method of numerical calculation 
  
In order to obtain the numerical solutions, spectral method is used. The main objective of the method is to use the 
expansion of the polynomial functions that is the variables are expanded in the series of functions consisting of Chebyshev 
polynomials. The expansion function )(xn  and  )(xn  are expressed as  
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where 1( ) cos( cos ( ))C x n xn  is the 
thn  order Chebyshev polynomial. tyxzyxw ,,,,,  and , ,T x y t  are expanded 
in terms of xn  and xn  as  
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where M  and N  are the truncation numbers in the x  and y  directions respectively. The expansion coefficients 
mnmnw , and mnT are then substituted into the basic Eqs. (2), (3) and (4) and the collocation method is applied. As a result, 
the nonlinear algebraic equations for mnmnw ,  and mnT  are obtained. The collocation points are taken to be 
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where 1,..., 1i M  and 1,..., 1j N . In the present study, numerical calculations are carried out over a wide range of the 
Grashof number 2000100 Gr for two cases of the Dean numbers, Dn = 100 and Dn = 500 for the aspect ratio 31 l . 
Steady solutions are obtained by the Newton-Raphson iteration method. Finally, to calculate the unsteady solutions, Crank-
Nicolson and Adams-Bashforth methods together with the function expansion and collocation methods are applied to the 
equations (2) to (4).  
4. Resistance coefficient 
 
We use the resistance coefficient  as one of the representative quantities of the flow state. It is also called the 
hydraulic resistance coefficient, and is generally used in fluids engineering, defined as  
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where quantities with an asterisk denote the dimensional ones,  stands for the mean over the cross section of the 
rectangular duct, and dhddhdd h 44/224
* . The main axial velocity *  is calculated by  
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Since * * */ ,1 2P P z G   is related to the mean non-dimensional axial velocity w  as                                                        
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where .*/2 wvdw . For the unsteady solutions, the Nusselt number, Nu, is defined as 
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where  denotes an average over a time interval  . Equation (14) will be used to find the resistance coefficient of the 
flow evolution by numerical computations.  
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5.  Results and discussion 
5.1 Steady solutions 
 
We obtained two branches of steady solutions for the non-isothermal flow through a curved square duct for the Grashof 
number 2000100 Gr . A solution structure of the steady solutions, for example, is shown in Fig. 2(a) for Gr = 500 
and 4000100 Dn . Then we draw typical contours of secondary flow patterns and temperature profiles at Dn= 100, 500, 
1000 and 2000 as shown in Fig. 2(b), where we see that the steady flow consists of asymmetric two- and four-vortex 
solutions. It is found that the first branch consists of asymmetric two-vortex solution while the second branch is composed 
of asymmetric two- and four-vortex solution. It is also found that at the same value of Dn dual solutions exist. Then we 
investigated solution structure of the steady solutions for the non-isothermal flow through a curved rectangular duct of 
aspect ratio 2, and we obtained five branches of steady solutions for 2000100 Gr . A solution structure of the steady 
solutions, for example, is shown in Fig. 3(a) for Gr = 500 and 1000100 Dn . Typical contours of secondary flow 
patterns and temperature profiles are obtained at Dn = 300, 500, 800 and 1000 on various branches as shown in Fig. 3(b), 
where we see that the steady flow consists of asymmetric two-, four-, six-, eight- and ten-vortex solutions.  It is found that at 
Dn = 1000, we obtained two- and multi-vortex solutions. 
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Fig. 2. (a) Solution structure of the steady solution branches for the curved square duct flow for Gr = 500.  (b) Secondary flow patterns (top) and 
temperature distributions (bottom) at some values of the Dean number. 
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Fig. 3. (a) Solution structure of the steady solution branches for the curved rectangular duct flow for Gr = 500. (b) Secondary flow patterns (top) and 
temperature distribution (bottom) at Dn = 300, 500, 800 and 1000 on various branches. 
 
 
5.2 Unsteady solutions 
 
       In order to study the nonlinear behaviour of the unsteady solutions, time evolution calculations of the Nusselt numbers 
(Nu) are performed. In the present study, we perform time evolutions of Nu for the aspect ratios l = 1, 2 and 3 over a wide 
range of the Grashof number 2000100 Gr for two cases of the Dean numbers, Case I: Dn =100 and Case II: Dn = 500. 
Since we are considering temperature difference between the vertical sidewalls for the large Grashof numbers, time-
evolution of Nu is more significant than that of the resistance coefficient.  
 
5.2.1 Case I: Dn =100 
 
Time evolutions of Nu for Dn =100 and l = 1(square duct) are shown in Fig. 4(a) for Gr =100, 500, 1000 and 2000. It is 
found that the unsteady flow is a steady-state solution for any Gr lying in the range. Then we draw contours of secondary 
flow patterns and temperature profiles at time t = 10 in Fig. 4(b). As seen in Fig. 4(b), the unsteady solution is an 
asymmetric two-vortex solution for Gr =100 and 500, but a single-vortex solution for Gr = 1000 and 2000. Then, we 
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perform time evolution calculations of Nu for Dn = 100 and l = 2 as shown in Fig. 5(a). It is found that the unsteady flow is 
a steady-state solution for Gr = 100, 500 and 2000, but periodic oscillating solution for Gr =1000. Contours of secondary 
flow and temperature profile are shown in Fig. 5(b) for Gr =100, 500, 1000 and 2000 at time t =15. It is found that 
secondary flow is a two-vortex solution for Gr =100, 500 and 1000 but a single-vortex solution for Gr = 2000. It is found 
that as the Grashof number increases, the asymmetricity disappears; this is because the buoyancy force becomes strong at 
large Grashof number while the centrifugal force becomes weak at small Dean numbers. 
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Fig. 4. (a) Time evolution of Nu for Dn = 100 and l =1 (square duct). (b) Contours of secondary flow patterns (top) and temperature profiles (bottom) at 
time t = 10. 
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Fig. 5. (a) Time evolution of Nu for Dn = 100 and l = 2 (rectangular duct). (b) Contours of secondary flow patterns (top) and temperature profiles (bottom) 
for Gr = 100, 500, 1000 and 2000 at time t = 15. 
 
Next, we show time evolution results of Nu for Dn = 100 and l = 3 in Fig. 6(a). As seen in Fig. 6(a), the time-dependent 
solution is a steady-state solution for Gr = 100, but periodic for Gr = 500 and 1000. If the Grashof number is increased 
further (Gr = 2000), the flow then becomes steady-state again. Contours of secondary flow pattern and temperature profile 
are shown in Fig. 6(b) for Gr = 100 to 2000 at time t = 30, where it is seen that the unsteady flow at Dn = 100 and l = 3 is a 
two- and single-vortex solution at various Gr.  
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Fig. 6. (a) Time evolution of Nu for Dn = 100 and l = 3 (rectangular duct). (b) Contours of secondary flow (top) and temperature profile (bottom) for        
Gr = 100, 500, 1000 and 2000 at time t = 30. 
5.2.2 Case II: Dn = 500 
 
We perform time evolution calculations of Nu for Dn = 500 and l = 1 at Gr =100, 500, 1000 and 2000 and it is found 
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that the unsteady flow is a steady-state solution for any Gr lying in the range considered in this study. We draw the contours 
of secondary flow patterns and temperature profiles and it is found that the unsteady solution is a two-vortex solution for 
any Gr lying in the stated range. Then, we perform time evolution calculations of Nu for Dn =500 and l = 2 as shown in Fig. 
7(a). It is found that the flow oscillates irregularly with the large windows of quasi-periodic oscillations for Gr =100 and 
500, which suggests that the flow is chaotic. However, the flow becomes periodic at Gr = 1000. If Gr is increased further 
(Gr = 2000, for example), the flow becomes chaotic again. To observe the periodic change of the secondary flow patterns 
and temperature distributions, contours of secondary flow and temperature profiles are shown in Fig. 7(b) for Gr = 1000, 
where it is seen that the unsteady flow at Gr = 1000 is a two-vortex solution.  
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Fig. 7. (a) Time evolution of Nu for Dn = 500 and l = 2. (b) Contours of secondary flow (top) and temperature profile (bottom) for Gr = 1000 at 
time 90.472.4 t . 
 
 
Next, time evolutions of Nu for Dn = 500 and l = 3 are shown in Fig. 8(a), where it is found that the flow is chaotic for 
any value of Gr and the chaotic solution takes place nearly at the same value of Nu whatever the value of Gr is. It is found 
that as the aspect ratio is increased, the steady-state solution turns into a chaotic solution through periodic solution; this is 
because as the aspect ratio increased the centrifugal force becomes stronger than at small value of the Dean number. In 
order to observe the change of the flow patterns and temperature distributions, contours of typical secondary flow patterns 
and temperature profiles are shown in Fig. 8(b) for Gr = 1000. As seen in the secondary flow patterns, the chaotic solution 
at Gr = 1000 is composed of four- and six-vortex solutions, though we obtained only two-vortex solutions for Gr = 1000 at l 
= 2. The temperature distribution is consistent with the secondary vortices. It is found the secondary flow enhances heat 
transfer in the flow.  
 
 
 
        
                                                                                                      
 
 
 
 
               T 
 
 
                    (a)                                                                           (b) 
                                                                                                          t     6.5      7.0     7.5      8.0     8.5  
 
Fig. 8. (a) Time evolution of Nu for Dn = 500 and l = 3. (b) Contours of secondary flow (top) and temperature profile (bottom) for Gr = 1000 at 
time 5.85.6 t . 
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Fig. 9. Time-dependent solutions in the Grashof number vs. aspect ratio (Gr - l) plane. (a) for Dn = 100, (b) for Dn = 500.( : steady-state solution, : 
periodic solution and : chaotic solution). 
 
 
 
Finally, the complete unsteady solutions, obtained by the time evolution computations in the present study, are shown 
by two phase diagrams in Fig. 9(a) for Dn = 100 and in Fig. 9(b) for Dn = 500 in the Grashof number vs. aspect ratio plane 
for 2000100 Gr and 31 l . In this figure, the circles indicate steady-state solutions, crosses periodic solutions and 
triangles chaotic solutions. From Fig. 9, we can easily get to know about the unsteady flow characteristics for various Gr 
and l. 
 
6. Conclusions 
 
We obtained two branches of steady solutions for the curved square duct flow while five branches of asymmetric 
steady solutions for curved rectangular duct flow. Time evolution calculations of the Nusselt number for Dn = 100 show 
that there appears a steady-state solution for any Gr lying in the range of 2000100 Gr for small aspect ratio; for large 
aspect ratio, however, the flow becomes periodic at moderate Gr (Gr = 1000 for l = 2 and Gr = 500 and 1000 for l = 3), and 
the flow undergoes in the scenario ``steady periodic steady", if Gr is increased. On the contrary, for small and large 
Gr (Gr = 100 and 2000), we always get steady-state solution whatever the aspect ratio is. For the moderate Gr, however, the 
steady flow turns into periodic solution, if l is increased. Time evolution calculations for Dn = 500 and l = 1 show that we 
again get a steady-state solution for any Gr lying in the range considered in this study. For l = 2, however, the flow becomes 
chaotic at small and large Gr (Gr =100, 500 and 2000) but periodic for Gr =1000. For large aspect ratio (l = 3), on the other 
hand, we always get chaotic solution whatever Gr is. It is observed that the steady-state solution turns into chaotic solution 
through periodic or multi-periodic oscillation for small and large Gr (Gr =100, 500 and 2000) for any l in the range in the 
scenario ``steady periodic chaotic", if the aspect ratio is increased.  
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